This paper presents the fundamental contact solutions of a magneto-electro-elastic half-space indented by a smooth and rigid half-infinite punch. The material is assumed to be transversely isotropic with the symmetric axis perpendicular to the surface of the half-space. Based on the general solutions, the generalized method of potential theory is adopted to solve the boundary value problems. The involved potentials are properly assumed and the corresponding boundary integral equations are solved by using the results in literature. Complete and exact fundamental solutions are derived case by case, in terms of elementary functions for the first time. The obtained solutions are of significance to boundary element analysis, and an important role in determining the physical properties of materials by indentation technique can be expected to play.
Introduction
The fundamental solutions or Green's functions play an important role in theoretical and applied studies on the physics of solids. They can be used to solve the boundary value problems frequently encountered in the science and technology (Stakgold, 1998; Duffy, 2001) , and to construct three dimensional (3D) analyses by the boundary element methods for crack, contact, defect and inclusion problems.
In the framework of elasticity, there have been some classical fundamental solutions, for instance, the Kelvin solution for an infinite isotropic body subjected to a concentrated force, and Mindlin solution for a half-infinite isotropic space. In recent several decades, a great deal of effort has been made to pursue the Green's functions for the half-infinite/infinite bodies with anisotropy and/ or multi-phase coupled property (Pan and Chou, 1976, 1979a,b; Benvensite, 1992; Ding et al., 1997a,b; Pan and Han, 2004; Yang and Pan, 2004 ; to name a few). In particular, Ding and Jiang (2003) and Hou et al. (2005) developed the fundamental solutions for the magneto-electro-elastic (MEE) half-space with transverse isotropy, in terms of the elementary functions by the trial-and-error method. These solutions are adopted by Hou et al. (2003) and Chen et al. (2010) to study the elliptical Hertzian contact problem and to develop the general theory of indentation for the flat ended, conical and spherical punches, respectively.
The corresponding 3D exact solutions of contact problems are useful to indentation techniques, which have been widely used to characterize the physical properties of advanced materials. This has been illustrated by the pioneer works (Sneddon, 1965; Gladwell, 1980; Jonson, 1985) for isotropic elastic bodies. It was further proven by Kalinin et al. (2004 Kalinin et al. ( , 2007 that the exact 3D contact solutions are helpful to interpreting quantitatively the response of the various scanning probe microscopies (also see Chen et al., 2010) for magneto-electro-elastic composites. In this sense, the corresponding 3D solutions within the framework of magneto-electro-elasticity are of significance, since the magneto-electro-elastic (or multiferroic) materials composites have potential applications in the intelligent systems in various engineerings, due to the strong coupling effect between the mechanical, electric and magnetic phases (Dong et al., 2004a,b; Zheng et al., 2004; Eerenstein et al., 2006; Ramesh and Spaldin, 2007; Zhai et al., 2007) . To this end, Chen et al. (2010) developed the general theory of indentation over a multiferroic composite half-space by three common indenters (flat-ended, conical, and spherical punches). The half-infinite indenter, to which the corresponding problem is non-axisymmetric, has not been addressed in Chen et al. (2010) .
The half-space punched by a semi-infinite indenter has been studied to some extent. Rubio-Gonzalez (2001) made a twodimensional elasto-dynamic analysis for orthotropic materials using the Laplace and Fourier transforms conjugated with the Wiener-Hopf technique. Based on the elastostatic general solution, Fabrikant and Karapetian (1994) presented the elementary exact solutions to the corresponding mixed boundary-value problem by the potential theory method. The same method was then
Basic equations and general solutions
In the Cartesian coordinate system (x; y; z) with the z-axis normal to the isotropic plane, the constitutive relations of transversely isotropic MEE materials read (Ding et al., 1997a; Chen et al., 2010) 
Substituting (1) into (2), we can derive the equilibrium equations in terms of generalized displacements, for which the general solutions were proposed by Ding and Jiang (2003) and Hou et al. (2005) by means of the rigorous operator theory and the generalized Almansi theorem. The form of the general solutions depends on the following algebraic equation
where the coefficients n i (i ¼ 0; 1; . . . ; 4) are given in Ding and Jiang (2003) and Hou et al. (2005) , and are listed in Appendix. From a mathematical point of view, (3) is the characteristic equation of an elliptical partial differential equation of the 8th order, which is satisfied by a potential function. In that partial differential equation, derivatives of odd orders with respect to the variable z do not appear (Ding and Jiang, 2003; Hou et al., 2005) . For the piezoelectric, piezo-magnetic and elastic materials as special cases, the corresponding eigen-equation can be reduced from (3) as shown in Chen et al. (2010) . In the present study, the eigenvalues s i in (3) have a real part, whose correlation determines the form of the general solutions in terms of quasi-harmonic functions. In what follows, our concern is confined only to transversely isotropic media with distinct eigenvalues. In this case, the general solutions are of the simplest form. Introducing the following complex variables with i Ding and Jiang (2003) obtained the following general solutions in compact form
The constants involved in (4), which are defined in Ding and Jiang (2003) and Hou et al. (2003) , are specified in Appendix A, for a self-contained purpose. Furthermore, the potential functions w j in (5) satisfy the following quasi-Laplace equation
When any two of these eigenvalues are equal, the general solutions, which have been addressed by Hou et al. (2005) , would take different forms.
Half-plane contact problem
Now consider a half infinite MEE space z P 0 indented by a rigid punch with its smooth end occupying the region S on the plane z ¼ 0 (denoted by I hereafter). For convenience, the complement of S on the plane z ¼ 0 is represented by the symbol S. Thus the relations S T S ¼ ; and S S S ¼ I hold, as shown in Fig. 1 . This can be formulated as a boundary value problem with mechanical, electric and magnetic conditions prescribed on the plane I, which are discussed separately as follows.
The mechanical boundary conditions are (Fabrikant and Karapetian, 1994) ðx; yÞ 2 S : w 1 ¼ w ¼ w 0 ðx; yÞ; ðx; yÞ 2 S : r z1 ¼ r z ¼ 0; ðx; yÞ 2 I : s z1 ¼ 0; ð7Þ where w 0 ðx; yÞ is the normal displacement produced by the indenter.
For the electric conditions, we have the following two situations (Huang et al., 2007; Chen et al., 2010) :
(a) For a perfect electrically conducting indenter with a constant electric potential U 0 :
ðx; yÞ 2 S : 
Parallel to the electric condition, we also have the following two cases for the magnetic boundary conditions (Giannakopoulos and Parmaklis, 2007; Chen et al., 2010 
Besides the boundary conditions mentioned above, all the physical quantities should vanish identically at infinity.
In view of the electric and magnetic boundary conditions, there are four possible boundary value problems to characterize all the physical situations. This will be addressed case by case in the next section, where the method of potential theory initialized by Fabrikant (1989 Fabrikant ( , 1991 will be generalized to contact analysis within the framework of magneto-electro-elasticity.
Method of generalized potential theory
Instead of employing the Green's functions to conduct 3D analyses (Chen et al., 2010) , we use the potential theory method generalized from that proposed by Fabrikant (1989 Fabrikant ( , 1991 to solve the four boundary value problems, which actually reflect different physical properties associated with the indenter. Now our task is to seek the appropriate potential functions w i satisfying (6) and the corresponding boundary conditions described in the last section.
Electrically and magnetically conducting indenter
To extend the potential theory method to magneto-electroelasticity, we assume that
where h ji are constants to be determined, and the functions H i are
is the distance between the points Mðx; y; zÞ and N 0 ðx 0 ; y 0 ; 0Þ. When compared with the contact problem in pure elasticity, with one main function H 1 ðMÞ involved, two more potentials of simple layer (SLP) H j ðMÞ ðj ¼ 2; 3Þ are introduced to account for the electric and magnetic effects, respectively. Furthermore, the following property of SLP holds (Fabrikant, 1989) 
It is noted that (6) has been satisfied by the potential functions w i ði ¼ 0-4Þ in (12) since the main functions in (13) are SLP. Moreover, the conditions at infinity have been met automatically. Now, the only concern turns to determine the constants h ij and the kernels r zi ði ¼ 1-3Þ of SLP to satisfy the boundary conditions in (7), (8) and (10), which, along with (6), consist of a typical mixed boundary value problem.
The third boundary condition (BC) in (7) is satisfied by letting
In view of the properties of SLP (14), the second BCs in (7), (8) and (10) have been automatically satisfied and three additional relations can be derived 
where d mi is the Kronecker delta.
It is seen that all the constants have been determined as 
Satisfaction of the first conditions in (7), (8) and (10) requires that
where
is the distance between the points Nðx; yÞ and N 0 ðx 0 ; y 0 Þ, both Nðx; yÞ and N 0 ðx 0 ; y 0 Þ 2 S. It should be pointed out that (18) is valid for S with an arbitrary shape. Hence, it should cover the recent results given in Chen et al. (2010) , who derived the integral equations for a circular region, using the corresponding fundamental solutions. In fact, (18) does reduce to that in Chen et al. (2010) , if we notice the difference in notations. Moreover, we have an important relation (Chen et al., 2010) ,
which can be mathematically checked by direct substitution, and physically is a result from the reciprocity theorem (Chen et al., 2010) . We can recast (18) into the following form
g mi w m0 ðNÞ ði ¼ 1-3Þ;
where g ¼ jf mi j is the determinant, and g mi is the corresponding cofactor of the element f mi . As a direct result of (19), the symmetrical property g mi ¼ g im holds true.
Electrically conducting and magnetically insulating indenter
In this case, we should find the suitable potentials to satisfy the BCs in (7), (8) and (11). To this end, we assume that
where h ji are again the undetermined constants and H i ðzÞ ði ¼ 1; 2Þ are defined in (13). It is interesting that the structure of (21) is similar to that for 3D contact problem of piezoelectric media (Chen and Ding, 1999; Chen, 2000; Huang et al., 2007) , except that the index j ranges from 1 to 4, while it is from 1 to 3 for piezoelectric media.
It is easy to verify that all the BCs in (7), (8) and (11) are met, if the constants h ji are taken to be these in (17) and if the following two integral equations hold
It is noted that the integral equations in (22) can be also derived from the first two equations in (18) by noticing r z3 ¼ 0. Furthermore, the magnetic potential w 3 ðx; y; 0Þ in the contact area can be obtained from (20) which have the same mathematical structures as these in (20).
Magnetically conducting and electrically insulating indenter
In this subsection, we assume the indenter is magnetically conducting but electrically insulating. Thus, the corresponding boundary conditions to be considered are given in (7), (9) and (10). To fulfill this purpose, we take that
where H i ði ¼ 1; 3Þ are defined in (13). It is seen that the potential functions in (25) are quite similar to these for the contact problem for magneto-elastic media with an exception of the range of the index j.
Provided that the constants h ji ði ¼ 1; 3Þ is taken to be these in (17) and the following two integral equations are satisfied
all the BCs in (7), (9) and (10) 
Moreover, the electric potential in the contact area S can be expressed in terms of the mechanical displacement w 10 ðx; y; 0Þ and magnetic potential w 30 ðx; y; 0Þ as w 2 ðx; y; 0Þ ¼ À 1 g 22 ½g 12 w 1 ðx; y; 0Þ þ g 32 w 3 ðx; y; 0Þ ðx; yÞ 2 S; ð28Þ which is actually from (20) by setting r z2 ¼ 0 and i ¼ 2.
It is seen that the analysis is quite similar to that just described in the previous subsection for the electrically conducting but magnetically insulting indenter. In fact, the solution can be obtained from those given in last subsection by interchanging the electric and magnetic physical quantities and the corresponding indices.
Magnetically and electrically insulating indenter
If the indenter is assumed to be both electrically and magnetically insulting, the corresponding BCs should be (7), (9) and (11). In this case, the potential functions is of the simplest form as
where H 1 is defined in (13) and h j1 are identical to these in (17). The potential functions in (29) is quite similar to those for contact problem in pure elasticity. The integral equation should be satisfied now is
Additionally, the electric and magnetic potentials in the contact region can be expressed as w 0k ðx; y; 0Þ ¼ f k1 f 11 w 10 ðx; y; 0Þ ½k ¼ 2; 3; ðx; yÞ 2 S:
(30) and (31) can be also derived from (18).
From an overall point of view, the governing boundary integral Eqs. (20), (24), (27) and (30) have the same mathematical structure. Consequently, a similar procedure can be adopted to solve these integral equations, which has been shown in Chen (2000) and Chen et al. (2010) for the circular contact region S. When the region is a semi-infinite plane, i.e., S¼fðx;yÞjÀ1<x<1; 06y<1g (See Fig. 2) , however, extra mathematical difficulties would be encountered and the solutions take a quite different form (Fabrikant and Karapetian, 1994 ). This will be addressed in the next section.
Potential functions and their derivatives
Since the boundary integral equations in the previous section bear the same mathematical structures, we thus focus on the solutions of equations in (20) 
with the properties
holding (Fabrikant and Karapetian, 1994) . Substituting (32) into (13), we immediately obtain that (Fabrikant and Karapetian, 1994) H i ðx; y; zÞ ¼ 1
It is evident that Kðx; y; z; x 0 ; y 0 Þ is the Green's function Kðx; y; z;
where ReðÁÞ stands for the real part of the corresponding complex variable, and
The derivatives of various orders, which are necessary to construct 3D magneto-electro-elastic field, have been given by Fabrikant and Karapetian (1994) as
with l
Fundamental magneto-electro-elastic field of the half-space
Now consider the distribution of the generalized displacement w k0 which can be described by a delta function. The corresponding fundamental magneto-electro-elastic field can be exactly and Fig. 2 . A schematic figure of the contact plane z ¼ 0 of the half-space of a MEE, which is punched by an half-infinite indenter taking over the region S ¼ fðx; yÞj À 1 < x < 1; 0 6 y < 1g. The subregion complement of S is symbolized by S.
completely obtained by using the results presented in previous sections. Their solutions, which depend on the properties of the indenter, are given case-by-case in what follows. These solutions are particular useful in evaluating the material failure strength by the indentation technology, estimating the resolution of electromagnetic microscopy, or interpreting the polarization switching behavior in multiferroic materials, which is especially important in developing new devices of high-density and high-performance memories (Nan et al., 2008; Chen et al., 2010) .
Electrically and magnetically conducting indenter
When the indenter is both electrically and magnetically conducting, we assume that the generalized displacements w k0 ðk ¼ 1-3Þ in the contact region S are equal to X k0 dðxÀ x k Þdðy À y k Þ ðk ¼ 1-3Þ, with X k0 a prescribed constant. In this case, we have
g li X l0 Kðx; y; z; x l ; y l Þ:
Thus, the complete field of the half-space reads
with M j ¼ ðx; y; z j Þ and N l ¼ ðx l ; y l ; 0Þ.
Electrically conducting and magnetically insulating indenter
For the electrically conducting and magnetically insulating indenter, we assume that the generalized displacements are of the Àf 21 X 10 Kðx; y; z; x 1 ; y 1 Þ þ f 11 X 20 Kðx; y; z; x 2 ; y 2 Þ ½ :
From (5), (21) and (40) 
6.3. Magnetically conducting and electrically insulating indenter
As far as a magnetically conducting but electrically insulating indenter is concerned, the generalized displacement is assumed to be w k0 ¼ X k0 dðx À x 0 Þdðy À y 0 Þ ðk ¼ 1; 3Þ. The corresponding fundamental field can be obtained directly from Section (6.2) by changing the corresponding indices as 
Magnetically and electrically insulating indenter
For a magnetically and electrically insulating indenter, the prescribed mechanical displacement is w 10 ¼ X 10 dðx À x 1 Þdðy À y 1 Þ. 
For further usage, we define the generalized stress intensity factors (GSIFs) as
It should be emphasized that the GSIFs are important parameters in contact problems to study the physical phenomena in the region near the indenter edge. Based on the GSIFs, we can predict the plastic zone and electric/magenetic failure for the multiferroic media. As shown in Section 3, it depends on the property of the indenter whether r zk ðk ¼ 2; 3Þ is singular or not at the indenter edge.
Electrically and magnetically conducting indenter
For the electrically and magnetically conducting indenter, we can derive the expressions of the generalized normal stresses within the region S from (39e) and (16) as r zm ðx; y;
It is noted that (47) can be directly obtained from (32) as well.
With the definition in (46), we can get that
Electrically conducting and magnetically insulating indenter
In this case, we can deduce from (41e) that
Using (17), we can further obtain that
It is seen that r z3 vanishes as a posterior check of the boundary condition prescribed in (11). Now, it is readily to arrive at
with m ranging from 1 to 2. More specifically, they are
Magnetically conducting and electrically insulating indenter
Under this condition, we can obtain the expressions of r zm ðx; y; 0Þ from (42e) without details as
The normal electric displacement r z2 is zero as expected in (9). Thus the corresponding GSIFs are
Electrically and magnetically insulating indenter
In this circumstance, only the normal stress r z is singular. The expressions of r zm in the contact region can be obtained from (43e) as
which indicates that r z2 and r z3 identically vanish as anticipated.
Consequently, the SIF reads
For an arbitrarily distributed generalized displacement, the corresponding GSIFs can be obtained by integration over the contact region.
Numerical results and discussion
This section is devoted to numerically present the previous results, which are given explicitly in terms of elementary functions. To this end, we choose the MEE composite material made of piezoelectric phase BaTiO 3 and magnetostrictive phase CoFe 2 O 4 , which have no piezo-magnetic and piezo-electric effect, respectively. The material properties of the composite MEE are evaluated according to the simple rule of mixture in terms of the volume fractions of the constituents (Chen et al., 2010) . Denoting the volume fractions of BaTiO 3 and CoFe 2 O 4 by V B and 1 À V B , respectively, we formulate the material property (denoted by P) of the composite by
where P B and P C stand for the material properties of BaTiO 3 and CoFe 2 O 4 , as tabulated in Tables 1 and 2 , respectively. It should be pointed out that (57) is a very simple model as an approximation of the first order, the exact effect material properties of the MEE composite depends upon the micro-structures of the constituents, from the micro-mechanics points of view (Mura, 1987) . In the present section, V B increase from 0 to 1 by a step 10%. In particular, V B ¼ 0 lends to a piezo-magnetic material, i.e. CoFe 2 O 4 , whilst V B ¼ 1 corresponds to a piezoelectric medium, namely, BaTiO 3 . With (57) and the data in Tables 1 and 2 , the material coefficients of the MEE composite are available. Table 3 lists the material eigenvalues of various MEE composites and the conditions s i -s j ði -jÞ have been posteriorly checked. In what follows, we will discuss the validity of the present solutions, the effect of magnetic and electric properties, and the influence of the volume fraction of BaTiO 3 .
For the sake of display, we introduce the following dimensionless quantities 
For simplicity, we confine our attentions to the contact plane f ¼ 0 and all the physical data are obtained by setting x 0 ¼ 0, without specification elsewhere.
Validity of the present solutions
From (1), it is seen that the interwoven elastic, electric and magnetic fields are decoupled from each other upon artificially letting e ij ; d ij and g ij vanish. In this special case, the problem in question is degenerated to a contact one in the context of theory of pure elasticity. Thus, the present solutions, regardless of the electromagnetic properties of the indenter, would identically reduced to those predicted by Fabrikant and Karapetian (1994) . This provides a way to check the validity of the present solutions and the programme used herein.
Tables 4 and 5 list the dimensionless axial displacement W z and the normal stress R z on the vertical plane n ¼ 0, for the elastic composite medium with V B ¼ 0:50. The present results coincides with those given by Fabrikant and Karapetian (1994) , thus solidly validating the present analyses. It should be pointed out only the data in Tables 4 and 5 are obtained by artificially setting the parameters e ij ; d ij and g ij to null, throughout this section. 
Effect of magneto-electric property of indenter
This subsection is dedicated to the influence of the magnetoelectric properties of the indenters on the distributions of the physical quantities of special interests. To fulfill this purpose, numerical calculations are performed for MEE with V B ¼ 0:50. From an overall point of view, the generalized normal stress components (R z ; D 0 z and B 0 z ) have a similar distributions (See Fig. 3(a) , (c) and (e)): all of them are singular at the edge of the indenter (g ¼ y=y 0 ¼ 0) and the point (g ¼ 1:0) where the mechanic displacement is prescribed, as expected from a physical point of view; there exists a critical point g 0 ¼ 0:09 < 1:0 at which the effect of the indenter edge and that of the applied displacement are balanced. More specifically, the distributions of K 0 1r ; K 0 1D and K 0 1B at points with g < g 0 is dominated by the indenter edge. On the other hand, the behaviors of the generalized stress components at the points with g > g 0 are mainly influenced by the applied displacements. Furthermore, the magneto-electric properties of the indenters exerts an inapparent influence upon the distribution of the normal stress R z . The normal stress R z pertinent to the four cases is almost identical to that associated with pure elastic case, referred to as Case E hereafter. Numerical results reveal that the relative differences in R z are of the order 10 À1 and we have the following inequality for R z CaseD P CaseC > CaseB P CaseA > CaseE; which is consistent with the observation made by Chen et al. (2010) . It is noted that the size relation for R z is indirectly reflected by Fig. 3(b) for the dimensionless stress intensity factor K 0 1r . In addition, K 0 1r (K 0 1B , respectively) for Case D (Case A, respectively) is larger than these (that, respectively) for the remaining three cases (Case C, respectively), for a lower 0 6 n < 1:0, as shown in Fig. 3(b) (Fig. 3(f), respectively) .
From the analyses in Section 7, it is evident that the GSIFs decrease with the dimensionless coordinates n ¼ x=y 0 , as shown in Fig. 3(b) , (d) and (f). The GSIFs change significantly within the interval 0 < n < 2:0 and their variations becomes evenly at the points n P 2:0. Furthermore, numerical results clearly shows that the effect of electric property of the indenter is more pronounced than that of magnetic one. CaseD P CaseB > CaseC P CaseA > CaseE; Table 4 The dimensionless elastic displacements Wz. Comparison is made with those predicted by Fabrikant and Karapetian (1994) . Table 5 The dimensionless normal stress Rz. Comparison is made with those predicted by Fabrikant and Karapetian (1994) . which is slightly different from that for R z .
Unlike the dimensionless mechanical displacements CaseA % CaseB; CaseC % CaseD > 0; which means that the magnetic properties (conducting or insulating) of the indenter exert an inconspicuous influence on the distribution of U 0 z beneath the contact plane. This is shown in Fig. 4(b) .
Parallelly, for W 0 z illustrated in Fig. 4c , the following relations CaseA % CaseC; CaseB % CaseD > 0; 0. In (a), the dashed line is for the displacement in the framework of pure elasticity (Fabrikant and Karapetian, 1994) . the dashed line is for the displacement in the framework of pure elasticity (Fabrikant and Karapetian, 1994) .
hold. In other words, the electric properties (conducting or insulating) of the indenter have not obvious effect upon the distribution of 
Influence of volume fraction
We investigate the influence of the volume fraction V B in terms of the generalized normal components and the GSIFs, whose variations with V B are displayed in Fig. 6 . It is seen from Fig. 6(a) that the dimensionless normal stress R z increase with V B . The same tendency can be observed in the elastic counterpart, by using Eqs. (54) and (55) in Fabrikant and Karapetian (1994) in Case A (C, Resp.) are almost identical to those in Case B (D, Resp.). For the MEE considered in the present section, the stress intensity factors in Case C and Case D are much larger than their counterparts in Case A and Case B. In the extreme situation V B ¼ 1:0, the ratio of K 0 1r in Case C to Case A reaches 1:14. These phenomena indicate the electric properties of the indenter have a more pronounced effect than the magnetic ones.
To facilitate further use, we develop the following approximate formulae for the GSIFs by fitting the numerical data 
These fitting curses are also plotted in Fig. 6 and a good agreement is observed.
Concluding remarks
In this study, we have presented the fundamental solutions for the half-space indented by a half-infinite punch. The material is assumed to be multiferroic and transversely isotropic with its axis of symmetry normal to the surface of the half-space. The indenter may be electrically and magnetically conducting, electrically conducting and magnetically insulating, magnetically conducting and electrically insulating, or electrically and magnetically insulating. The corresponding boundary value problems have been successfully solved by the generalized potential theory method incorporating with the general solutions in terms of quasi-harmonic functions. Suitable potentials are obtained and the corresponding boundary integral equations are solved by virtue of the results in the literature.
Exact and complete fundamental solutions are obtained in terms of elementary functions, for the first time, according to the magnetic and electric properties of the indenters. These derived solutions can be used to fulfill multi-fold purposes in the future scientific activities. Firstly, three-dimensional analyses can be made by integrating over the corresponding contact area; secondly, the fundamental solution itself can serve as benchmarks to various numerical codes and to clarify numerous simplified analyses, for multi-phase components; finally, an important applications to characterizing the material constants by indentation technology can be anticipated. Furthermore, the singular behavior of generalized normal stresses near the edge of the indenter has been quantified explicitly in terms of the material properties, which are very important to the future theoretical and experimental studies, such as prediction of the plastic zone and the electric/ magnetic failures.
It should be pointed out again the present solutions are valid only for the media with transverse isotropy, whose eigenvalues are distinct. When any two of these eigenvalues are equal, the general solutions will take another forms. In this case, there are two paths that can be followed: the corresponding solution can be obtained through a limiting procedure by means of L'Hôpital rule, as the first way; alternatively, they can be derived by the methods presented in this paper by employing the proper general solutions, where the integral boundary equations would be of the same structure as these derived in Section 4, as shown in Chen (2000) .
